Three measures of edge-uncolorability  by Kochol, Martin
Discrete Mathematics 311 (2011) 106–108




Three measures of edge-uncolorability✩
Martin Kochol
MÚ SAV, Štefánikova 49, 814 73 Bratislava 1, Slovakia
a r t i c l e i n f o
Article history:
Received 27 January 2010
Received in revised form 29 September
2010
Accepted 1 October 2010






a b s t r a c t
We study three invariants of graphs measuring how far a graph is from having a proper
3-edge-coloring. We show that they have the same value on certain classes of graphs, in
particular on the class of cubic graphs.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper we consider graphs with multiple edges but without loops. If G is a graph, then V (G) and E(G)
denote the vertex and edge sets of G, respectively. A k-edge-coloring of G is an assignment to its edges of k elements (for
example 1, . . . , k) such that any two incident edges receive different colors. Denote by:
C the class of cubic graphs,
C ′ the class of graphs with vertices of degree 1 and 3,
C ′′ the class of graphs with vertices of degree at most 3.
By Vizing [10], every graph in C ′′ is 4-edge-colorable. For G ∈ C ′′, define by σ(G) the minimum number such that there
exists a 4-edge-coloring of G with σ(G) edges assigned the fourth color. Define by ρ(G) the minimum number of vertices
that must be deleted from G so that the resulting graph is 3-edge-colorable. Note that G is 3-edge-colorable if and only if
σ(G) = ρ(G) = 0. The parameters σ and ρ measure how far a graph is from having a 3-edge-coloring. Approximations of
σ and ρ were studied in [5].
We recall some notation from [3,4]. By amulti-terminal networkwemean a pair (G,U)where G is a graph and U ⊆ V (G).
If v ∈ V (G), then ωG(v) denotes the set of edges having one end v and the other end in V (G) \ {v}. A nowhere-zero Z2 × Z2-
flow ϕ in (G,U) is a mapping ϕ : E(G) → Z2 × Z2 such that ϕ(e) ≠ 0 for each edge e of G and ∂ϕ(v) = 0 for each
v ∈ V (G)\U , where ∂ϕ(v) is defined to be∑e∈ωG(v) ϕ(e). Denote by ρ4(G,U) theminimumnumber n such that there exists
U ′ ⊆ V (G), |U ′| = n, so that (G,U ∪ U ′) has a nowhere-zero Z2 × Z2-flow. By a nowhere-zero Z2 × Z2-flow in a graph Gwe
mean a nowhere-zero Z2 × Z2-flow in (G,∅) and by ρ4(G)wemean ρ4(G,∅). Nontrivial cubic graphs with arbitrarily large
ρ4 were constructed in [3].
LetG ∈ C ′ and letU be the set of vertices inGwith degree 1.With (G,U) so defined, nowhere-zeroZ2×Z2-flows in (G,U)
correspond to 3-edge-colorings of G by the nonzero elements of Z2 × Z2. We show that ρ4(G,U) = ρ(G). Furthermore, we
prove that ρ(H) = σ(H) for every H ∈ C ′′.
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2. Comparing the invariants
Proposition 1. If G ∈ C ′, and U is the set of vertices having degree 1 in G, then ρ4(G,U) = ρ(G). In particular ρ4(G) = ρ(G)
for every G ∈ C.
Proof. If U ′ ⊆ V (G) \ U such that G− U ′ is 3-edge-colorable, then the 3-edge-coloring of G− U ′ by the nonzero elements
of Z2 × Z2 can be extended to a nowhere-zero Z2 × Z2-flow in (G,U ∪ U ′). Hence ρ(G) ≥ ρ4(G,U). If U ′ ⊆ V (G) \ U such
that (G,U ∪ U ′) has a nowhere-zero Z2 × Z2-flow, then this flow becomes a 3-edge-coloring of G − U ′ with the nonzero
elements of Z2 × Z2. Thus ρ4(G,U) ≥ ρ(G). 
For G ∈ C ′, let ϕ be a nowhere-zero Z2 × Z2-flow in a multi-terminal network (G,U) where U consists of all vertices
in G having degree 1. Let e1 be an edge of G incident with v1 ∈ U such that ϕ(e1) ∈ {(0, 1), (1, 0)}. There exists exactly
one path P = v1e1v2e2v3 · · · vn in G such that ϕ(e1), . . . , ϕ(en−1) ∈ {(0, 1), (1, 0)}, v2, . . . , vn−1 ∉ U, vn ∈ U . We call P a
[v1, e1, ϕ, (0, 1), (1, 0)]-path in (G,U), and we call vn the end of P . We allow the possibility v1 = vn, in which case we say
that P is closed.
Proposition 2. For every graph G ∈ C ′′, ρ(G) = σ(G).
Proof. Consider a proper 4-edge-coloring of G such that the set of edges E ′ colored by color 4 has cardinality σ(G) (E ′ is a
matching in G). Let U ⊆ V (G) cover E ′ (i.e., U has at least one endpoint of each edge of E ′). Now |U| = |E ′| = σ(G), and the
4-edge-coloring of G restricts to a proper 3-edge-coloring of G− U . Thus σ(G) ≥ ρ(G).
Let U be a subset of V (G) such that |U| = ρ(G) = n and G − U is 3-edge-colorable. For each v ∈ V (G) of degree 2, add
a new vertex v′ and a new edge vv′. Denote the resulting graph by G′,G′ ∈ C ′. Now G′ − U is 3-edge-colorable, and hence
ρ(G′) ≤ ρ(G). Since G is a subgraph of G′, ρ(G′) ≥ ρ(G). Thus ρ(G′) = ρ(G). Let U ′ be the set of vertices of G′ of degree 1.
Clearly,U∩U ′ = ∅. The 3-edge-coloring ofG−U with the nonzero elements ofZ2×Z2 can be extended into a nowhere-zero
Z2 × Z2-flow ϕ in (G′,U ∪ U ′). By Proposition 1, ρ(G′) = ρ4(G′,U ′) = n.
Let ϕ be a nowhere-zero Z2 × Z2-flow in (G′,U ∪ U ′). Denote by Uϕ the subset of U consisting of all vertices u in U such
that all three edges incident with u have the same value in ϕ. Choose ϕ so that |Uϕ | is the smallest possible. When ϕ is so
chosen, we claim that Uϕ = ∅. If not, then let ϕ1 = ϕ and take u1 ∈ Uϕ1 and let e1 be an edge incident with u1. Assume that
ϕ1(e1) = (0, 1). Let P1 be the [u1, e1, ϕ1, (0, 1), (1, 0)]-path in (G′,U ∪U ′)with end u2. Interchanging the values (0, 1) and
(1, 0) on P1, we get a new nowhere-zeroZ2×Z2-flow ϕ2 in (G′,U∪U ′) such that u1 ∉ Uϕ2 . With respect to theminimality of|Uϕ |, we get that u2 ∉ Uϕ1 and u2 ∈ Uϕ2 (thus u2 ∉ U ′). Let e2 be an edge incident with u2 and not belonging to P1, and P2 be
the [u2, e2, ϕ2, (0, 1), (1, 0)]-path in (G′,U∪U ′)with end u3. Again, interchanging the values (0, 1) and (1, 0) on P2 yields a
flow ϕ3 such that u3 ∉ Uϕ2 ,U ′ and u3 ∈ Uϕ3 . We repeat this process and construct a sequence of vertices u1, u2, . . . ∈ U such
that ui ≠ ui+1 for i = 1, . . . , and a sequence of pairwise edge-disjoint paths P1, P2, . . . and flows ϕ1, ϕ2, . . . in (G′,U ∪ U ′).
We finish this process when uk = uj for some j with j ≤ k − 2 (this happens because U is finite). Let e′ be the last edge of
Pk−1. Both ej and e′ are incident with uj, and ej ≠ e′. Let e′′ be the third edge incident with uj. By our construction, uj ∈ Uϕj ,
i.e., ϕj(e′) = ϕj(e′′) = ϕj(ej), which yields ϕj+1(e′′) ≠ ϕj+1(ej), and ϕk(e′′) ≠ ϕk(e′) = ϕk(ej). Thus uk ∉ Uϕk , and by the
construction, also uk−1 ∉ Uϕk , i.e., |Uϕk | < |Uϕ |, a contradiction with the choice of ϕ.
Therefore Uϕ = ∅. For each u ∈ U , denote by eu, e′u, e′′u the edges incident with u such that ϕ(eu) = ϕ(e′u) ≠ ϕ(e′′u).
Set E ′′ = {eu; u ∈ U}. Note that E ′′ is not uniquely defined by ϕ and depends on the notation for the edges eu and e′u for
each u ∈ U . Suppose that there exist u, v ∈ U, u ≠ v, such that eu = ev . Without abuse of generality we can assume
that ϕ(eu) = ϕ(e′u) = ϕ(e′v) = (1, 1) and ϕ(e′′u) = (0, 1). We transform ϕ into a nowhere-zero Z2 × Z2-flow ϕ′ in
(G′, (U ∪ U ′) \ {u}) after setting ϕ′(eu) = (1, 0) and ϕ′(e) = ϕ(e) for the rest of the edges. Hence ρ4(G′,U ′) < n, a
contradiction. Thus |E ′′| = |U| = n.
We claim that E ′′ is a matching in G. If not, there is a vertexw of G incident with two edges eu, ev ∈ E ′′, u, v ∈ U, u ≠ v.
We consider three cases.
Case 1. w ∈ {u, v}. Without abuse of generality we can assume that w = u. Then ev has ends u, v and eu ≠ ev . Notice
that either e′u = ev , or e′′u = ev . Without abuse of generality we can assume that ϕ(ev) = ϕ(e′v) = (1, 1) and ϕ(e′′v) = (0, 1).
We transform ϕ into a nowhere-zero Z2 × Z2-flow ϕ′ in (G′, (U ∪ U ′) \ {v}) after setting ϕ′(ev) = (1, 0) and ϕ′(e) = ϕ(e)
for the rest of the edges. Hence ρ4(G′,U ′) < n, a contradiction.
Case 2. w ∉ {u, v} and w ∈ U . Since |E ′′| = n, ew, eu, ev must be pairwise different edges incident with w. Thus setting
u′ = w, we get that u′ and v satisfy conditions from Case 1. We have already proved that this is not possible.
Case 3.w ∉ {u, v} andw ∉ U . Without abuse of generality we can assume that ϕ(eu) = ϕ(e′u) = (0, 1), ϕ(ev) = ϕ(e′v) =
(1, 0).
Case 3.1. Either ϕ(e′′u) = (1, 1) or ϕ(e′′v) = (1, 1). Set ϕ′(eu) = (1, 0), ϕ′(ev) = (0, 1), and ϕ′(e) = ϕ(e) for the rest of the
edges. Then ϕ′ is a nowhere-zero Z2×Z2-flow either in (G′, (U ∪U ′) \ {u}), or in (G′, (U ∪U ′) \ {v}). Hence ρ4(G′,U ′) < n,
a contradiction.
Case 3.2. ϕ(e′′u) = (1, 0) and ϕ(e′′v) = (0, 1). We transform ϕ into a nowhere-zero Z2 × Z2-flow ϕ′ in (G′, (U ∪ U ′ ∪{w}) \ {u, v}) after setting ϕ′(eu) = ϕ′(ev) = (1, 1), and ϕ′(e) = ϕ(e) for the rest of the edges. Hence ρ4(G′,U ′) < n, a
contradiction.
Thus E ′′ is a matching and |E ′′| = n. Labeling edges of E ′′ with color 4 we transform ϕ into a proper 4-edge-coloring of G,
whence ρ(G) = n ≥ σ(G). 
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Proposition 2 extends a result of Steffen [8] who, using a different notation, proved that ρ(G) = σ(G) for every cubic
graph G (see also [1]).
Proposition 1 is not valid for graphs from C ′′. The reason is that a 3-edge-coloring must have different values on the
edges incident with a vertex of degree 2, while a nowhere-zero Z2 × Z2-flow has the same value. For example, let P be the
Petersen graph. If uv is an edge of P , then P − uv has a nowhere-zero Z2 × Z2-flow but no 3-edge-coloring (see, e.g., [3,
Sections 6 and 10.4]). On the other hand, let H be a graph arising from P after subdividing two nonincident edges by new
vertices of degree 2. Such a graph H does not have a nowhere-zero Z2 × Z2-flow, but it is an easy task to show that H is
3-edge-colorable.
Huck and Kochol [2] introduced oddness of G ∈ C, denoted by ω(G), as the smallest possible number of odd components
in a 2-factor of G. A cubic graph G is 3-edge-colorable if and only if ω(G) = 0. By Kochol [3, Theorem 10.4], ω(G) ≥ ρ4(G)
for every G ∈ C, and by Steffen [9, Theorem 2.3], σ(G) andω(G) can be arbitrarily far apart (in [9], σ(G) is denoted as r3(G)).
Thus there is no analogue with Propositions 1 and 2 for ω(G)when G ∈ C.
Some new results concerning the topic can be found in [7,6].
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